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Partitions

λ = (5, 3, 3, 1, 1)

skew diagram λ/µ – the difference in Young diagrams of λ
and µ, for λ ⊃ µ
λ � µ – interlacing condition: λ1 ≥ µ1 ≥ λ2 ≥ µ2 · · ·
λ � µ means λ/µ is a horizontal strip

|λ/µ| – size of λ/µ (area)

sλ/µ - symmetric skew Schur function
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Skew Schur functions sλ/µ

single variable: sλ/µ(x) =

{
x |λ/µ| if λ � µ,

0 otherwise.

Cauchy identity

∑
ν

sν/λ(x)sν/µ(y) =
1

1− xy

∑
κ

sλ/κ(y)sµ/κ(x)

=
∞∑

G=0

(xy)G
∑
κ

sλ/κ(y)sµ/κ(x)

Fomin growth diagram:

λ, µ are fixed, (κ,G )→ ν is a bijection

κ µ≺

≺

λ
G −→

λ ν

µ

≺
≺

λ ν

κ µ
G

|λ|+ |µ| = |κ|+ |ν|+ G



Basic Notions Free boundary Schur process Correlation function (via Fock space formalism) Random growth diagram Edge and bulk limits

nonnegative specializations
[Aissen, Edrei, Schoenberg,Whitney; also Thoma]

H(ρ; z) = eγz
∏
i≥1

1 + βiz

1− αiz
where H(ρ; z) :=

∑
n≥0

hn(ρ)zn.

where γ, α1, β1, α2, β2, . . . ≥ 0 and
∑
αi + βi <∞

single-variable specialization

sλ/µ(α1) =

{
α
|λ/µ|
1 if λ � µ,

0 otherwise.

exponential specialization

sλ/µ(expγ) =
γ|λ/µ|f λ/µ

|λ/µ|!

sλ/µ(expγ) = lim
n→∞

sλ/µ

( γ
n
, . . . ,

γ

n︸ ︷︷ ︸
n variables

)
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Free boundary Schur process

Free boundary Schur process

The free boundary Schur process of length N is a measure
over the set of sequences of partitions of the form

µ(0) ≺ λ(1) � µ(1) ≺ · · · � µ(N−1) ≺ λ(N) � µ(N)

which assigns to any such sequence (~λ, ~µ)

W(~λ, ~µ) := u|µ
(0)|v |µ

(N)|
N∏

k=1

(
sλ(k)/µ(k−1)

(
ρ+k
)
sλ(k)/µ(k)

(
ρ−k
))
.

sλ/µ-skew Schur functions, parameters: u, v -complex numbers

and ρ±k -specializations

the pattern ≺,�,≺,�, . . . can be replaced with any sequence
of ≺ and � if we use trivial specializations sλ/µ(0, . . . ) = δλ=µ

qvol = q
∑

i |λ(i)| for the single-var. spec. sλ/µ(x1) = x
|λ|−|µ|
1
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Free boundary Schur process

Original Schur process and its variants

W(~λ, ~µ) = u|µ
(0)|v |µ

(N)|
N∏

k=1

(
sλ(k)/µ(k−1)

(
ρ+k
)
sλ(k)/µ(k)

(
ρ−k
))

u = v = 0: the original Schur process [Okounkov-Reshetikhin]

u = 1 and v = 0: symmetric Schur process, also called
Pfaffian Schur process [Borodin-Rains]

µ(0) = µ(N): periodic Schur process [Borodin] (factor u|µ
(0)|

for |u| < 1 makes the measure finite)

no restriction on µ(0) and µ(N): free boundary Schur process
(factor u|µ

(0)|v |µ
(N)| for |u| < 1, |v | < 1 makes the measure

finite)
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Free boundary Schur process

Schur process as a point process

Maya diagram

• • ◦ ◦ ◦ ◦ ◦•◦••◦••

Schur procsess is a point process on [1, . . . ,N]× Z′, where
Z′ = Z + 1/2 and ~λ is represented by a point configuration

S(~λ) :=

{(
i , λ

(i)
j − j +

1

2

)
, 1 ≤ i ≤ N, j ≥ 1

}
For U = {(i1, k1), . . . , (in, kn)} ⊂ [1, . . . ,N]× Z′ the
correlation function ρ(U) is the sum of Prob(~λ) over all
sequences ~λ such that kj belongs to the Maya diagram of
λ(ij ),∀j = 1, . . . , n.
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Fock space [Miwa, Jimbo, Date]

orthonormal basis |λ〉, λ ∈ P-set of all partitions

vertex operators Γ±(ρ) by

〈λ|Γ+(ρ)|µ〉 = 〈µ|Γ−(ρ)|λ〉 = sµ/λ(ρ), λ, µ ∈ P.

fermionic operators ψk and ψ∗k for k ∈ Z′ satisfying

ψkψ
∗
k |λ〉 =

{
|λ〉 if k ∈ λ,
0 otherwise.

free boundary states

|v〉 :=
∑
λ∈P

v |λ||λ〉, 〈u| :=
∑
λ∈P

u|λ|〈λ|, u, v ∈ C.
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Partition function and correlation function

Partition function can be written as

Z = 〈u|Γ+(ρ+1 )Γ−(ρ−1 ) · · · Γ+(ρ+N)Γ−(ρ−N)|v〉.

Correlation function ρ(U) for U = {(i1, k1), . . . , (in, kn)} can be
written as

1

Z
〈u| · · · Γ+(ρ+i1 )ψk1ψ

∗
k1Γ−(ρ−i1 ) · · · Γ+(ρ+in )ψknψ

∗
knΓ−(ρ−in ) · · · |v〉.
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Partition function

Γ+(ρ)|∅〉 = |∅〉 〈∅|Γ−(ρ) = 〈∅|
case u = v = 0

〈∅|Γ+(ρ+1 )Γ−(ρ−1 ) · · · Γ+(ρ+N)Γ−(ρ−N)|∅〉 =
∏

1≤k≤`≤N
H(ρ+k ; ρ−` )

we use commutation relations for vertex operators (Cauchy
identity):

Γ+(ρ)Γ−(ρ′) = H(ρ; ρ′)Γ−(ρ′)Γ+(ρ)

H(ρ; ρ′) :=
∑
λ∈P

sλ(ρ)sλ(ρ′) =
∏
i ,j

1

1− xixj
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Partition function

case v = 0: 〈u|Γ+(ρ+1 )Γ−(ρ−1 ) · · · Γ+(ρ+N)Γ−(ρ−N)|∅〉

( ∏
1≤k≤`≤N

H(ρ+k ; ρ−` )
)
H̃(uρ−)

reflection relations for vertex operators (Littlewood identity)

Γ+(ρ)|v〉 = H̃(vρ)Γ−(v2ρ)|v〉 〈u|Γ−(ρ) = H̃(uρ)〈u|Γ+(u2ρ)

H̃(ρ) :=
∑
λ∈P

sλ(ρ) =
∏
i

1

1− xi

general case: 〈u|Γ+(ρ+1 )Γ−(ρ−1 ) · · · Γ+(ρ+N)Γ−(ρ−N)|v〉

∏
1≤k≤`≤N

H(ρ+k ; ρ−` )
∏
n≥1

H̃(un−1vnρ+)H̃(unvn−1ρ−)H(u2nρ+; v2nρ−)

1− unvn
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Correlation function

Correlation function can be written as

ρ(U) =
1

Z
〈u| · · · Γ+(ρ+i1 )ψk1ψ

∗
k1Γ−(ρ−i1 ) · · · Γ+(ρ+in )ψknψ

∗
knΓ−(ρ−in ) · · · |v〉,

Commutation relations:

Γ±(ρ)ψ(z) = H(ρ; z±1)ψ(z)Γ±(ρ),

Γ±(ρ)ψ∗(w) = H(ρ;w±1)−1ψ∗(w)Γ±(ρ).

〈u|ψ1ψ
∗
1 · · ·ψnψ

∗
n|v〉=?

case u = v = 0

〈∅|ψ1ψ
∗
1 · · ·ψnψ

∗
n|∅〉 = detA

where

Aij =

{
〈∅|ψiψ

∗
j |∅〉 i ≥ j

〈∅|ψ∗j ψ∗i |∅〉 i < j
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Wick’s formula

case v = 0

Wick’s formula

Let Ψ be the vector space spanned by the ψk and ψ∗k , k ∈ Z′. For
φ1, . . . , φ2n ∈ Ψ , we have

〈u|φ1 · · ·φ2n|∅〉 = pf A

where A is the antisymmetric matrix defined by Aij = 〈u|φiφj |∅〉
for i < j .

free boundary case 〈u|φ1 · · ·φ2n|v〉- we need more general free
boundary states
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Shift-mixed process - extended free boundary states

shift-mixed periodic Schur process [Borodin]

charged Maya diagram
•
c
•◦◦◦◦◦•◦••◦••

extended free boundary states

|v , t〉 =
∑

(λ,c)∈P×2Z

tc/2v |λ|+c2/2|λ, c〉,

〈u, t| =
∑

(λ,c)∈P×2Z

tc/2u|λ|+c2/2〈λ, c |.

|v , t〉 := eX (v ,t)|∅〉, X (v , t) =
∑

(k,`)∈Z′2
k>`

ψ̃k(v , t)ψ̃`(v , t)

ψ̃i (v , t) =

{
t1/2v iψi for i ∈ Z′>0,

(−1)i+1/2t−1/2v−iψ∗i for i ∈ Z′<0.
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The shift-mixed correlation function

The shift-mixed correlation function ρ̂(U) can be written as

1

Ẑ
〈u, t| · · · Γ+(ρ+i1 )ψk1ψ

∗
k1Γ−(ρ−i1 ) · · · Γ+(ρ+in )ψknψ

∗
knΓ−(ρ−in ) · · · |v , t〉.

Wick’s formula for extended free boundary states

Let Ψ be the vector space spanned by the ψk and ψ∗k , k ∈ Z′. For
φ1, . . . , φ2n ∈ Ψ , we have

〈u, t|φ1 · · ·φ2n|v , t〉
〈u, t|v , t〉

= pf A

where A is the antisymmetric matrix defined by
Aij = 〈u, t|φiφj |v , t〉/〈u, t|v , t〉 for i < j .



Basic Notions Free boundary Schur process Correlation function (via Fock space formalism) Random growth diagram Edge and bulk limits

The shift-mixed correlation function

Pfaffian correlations:
ρ̂(U) = PfK

where K (i , k ; i ′, k ′) is equal to[
[zkwk′ ]F (i ,z)F (i ′,w)〈u,t|ψ(z)ψ(w)|v ,t〉

[
zk

wk′

]
F (i,z)

F (i′,w)
〈u,t|ψ(z)ψ∗(w)|v ,t〉[

wk′

zk

]
F (i′,w)
F (i,z)

〈u,t|ψ∗(z)ψ(w)|v ,t〉
[

1

zkwk′

]
1

F (i,z)F (i′,w)
〈u,t|ψ∗(z)ψ∗(w)|v ,t〉

]
,

where

F (i , z) is coming from the commutation relations; depends on u, v
and ρ’s

fermionic propagator - the four expectations of the form
〈u, t|ψ(z)ψ(w)|v , t〉 can be written explicitly in terms of u, v and t
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Explicit formulas

F (i , z) =

∏
1≤`≤i H(ρ+` ; z)∏

i≤`≤N H(ρ−` ; z
−1)

·
∏
n≥1

H(u2nv 2n−2ρ−; z)H(u2nv 2nρ+; z)

H(u2n−2v 2nρ+; z−1)H(u2nv 2nρ−; z−1)

κ1,1(z ,w) =
v 2

tz1/2w 3/2
· ((uv)2; (uv)2)2∞
(uz , uw ,− v

z
,− v

w
; uv)∞

·
θ(uv)2(

w
z
)

θ(uv)2(u2zw)
·
θ3
(
( tzw

v2
)2; (uv)4

)
θ3(t2; (uv)4)

κ1,2(z ,w) =
w 1/2

z1/2
· ((uv)2; (uv)2)2∞
(uz ,−uw ,− v

z
, v
w
; uv)∞

·
θ(uv)2(u

2zw)

θ(uv)2(
w
z
)

·
θ3
(
( tz
w
)2; (uv)4

)
θ3(t2; (uv)4)

κ2,2(z ,w) =
tv 2

z1/2w 3/2
· ((uv)2; (uv)2)2∞
(−uz ,−uw , v

z
, v
w
; uv)∞

·
θ(uv)2(

w
z
)

θ(uv)2(u2zw)
·
θ3
(
( tv

2

zw
)2; (uv)4

)
θ3(t2; (uv)4)

(a1, . . . , am; q)∞ :=
∏∞

k=0(1− a1q
k) · · · (1− amq

k) is the infinite
q-Pochhammer symbol with multiple arguments

θq(z) := (z ; q)∞(q/z ; q)∞ is the “multiplicative” theta function

θ3(z ; q) :=
∑

n∈Z q
n2/2zn- the Jacobi theta function
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Random growth diagram

Random growth diagram/LPP model

0

0

0

0

0

0

2

0

003

1

0 0

0

1 0 2

01

0 1

1

1

0 1

0

0

(12, 10, 9, 5, 2, 1)

(1, 1)

(1, 1) (1, 1)

(1, 1) (1, 1)

(1, 1)

(1, 1)

(2, 1)

(1, 1)

(1, 1)

(1, 1)

(3, 1)

(1, 1)(3, 1)

(4, 1)

(3, 3)

(5, 1)

(5, 4)

(6, 5)

(5, 3)

(6, 5)

(62, 1)

(9, 5, 2)(10, 6, 2, 1)

(9, 6, 4)

(11, 9, 5, 4)

(102, 22, 1)

(10, 6, 5, 1)(102, 5, 2, 1)

(11, 10, 52, 1)

(11, 10, 6, 5, 2, 1)

(102, 52, 1)

bijection: interlaced partitions → (admissible fillings, ν∞)

T (i , j) - the LPP time from (i , j) to ∞

λ1(i , j) = T (i , j) + ν∞1
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Random growth diagram

Tie models

0

0

0

0

0 0

0

0

0

0

00000

0

00

0

0

0

0

0

0

0

0

7

15

13
10

8

711

9
8

10

8 0

0

00

0

0

0
0

0

1

1

1

1

25

5

5

5

2

2

2

2

2

2

2

2

2

2

2

2

0

0

0

1

1

1

1

1

1

1

1

6

6

6

3

3

3

3

14

17

3

3

3

4

4

4

4

4

2

2

2

23

0
1

1

1

1

0

0

0

0

0

2

2

2

2

3

y4y3y2y1

x4

x3

x2

x1

Geom(x3y2)

Geom((uv)2x2y3)

Geom((uv)4x3y2)

Geom(v2y1y2)

Geom(u2(uv)2x1x2)

Geom(vy3)

Geom(u(uv)x3)

Geom(x2y4)

Geom((uv)2x4y2)

Geom((uv)4x2y4)

Geom(u2x2x4)

Geom(v2(uv)2y2y4)

Geom(ux2)

Geom(v(uv)y2)

κκκκκ

κ

κ

κ

κ

µλ

ν

0

0

0

0

0 0

00
0

0

0

0

0

0

7

1

8

2

9

2

10

0

0

9

0

0
0

11

1

11

1

25

5

2

2

2

12

1

1

1

1
8

0

3

3

33

4

4

4

3

2

2

2

0

1

1

0

7

10

3

2

2

3

y4y3y2y1

Geom(y2y4)

Geom(u4y2y4)

Geom(u8y2y4)

Geom(u2y2y4)

Geom(u6y2y4)

Geom(uy2)

Geom(u2y2)

κ

κ

κ

κ

κ

µλ

Geom(y3)

Geom(uy3)

Geom(u2y3)

full tie: P(κ) = (uv ; uv)∞(uv)|κ|

P↗↘(µ, λ, ν) = u|µ|v |ν|sλ/ν(x1, . . . , xn)sλ/µ(y1, . . . , yn)

half tie: Prob(κ) = (u; u)∞(u)|κ|

Prob↗(µ, λ) ∝ u|µ|sλ/µ(y1, . . . yn)
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Edge and bulk limits

Two-free boundary poissonized Plancherel model

measures that interpolate between poissonized Plancherel and
uniform measure on partitions (ε→ 0):

M↗↘(µ, λ, ν) ∝ u|µ|v |ν| · ε
|λ/µ|+|λ/ν|f λ/µf λ/ν

|λ/µ|! · |λ/ν|!

M↗(µ, λ) ∝ u|µ| · ε
|λ/µ|f λ/µ

|λ/µ|!

f λ/µ is the number of standard Young tableux of shape λ/µ.

M↗↘ Baik-Deift-Johansson [1999] when u = v = 0.

M↗ Baik-Rains [2000] when u = 0.

λ1 or LPP time has a (new) probability distribution that generalizes
the classical Tracy-Widom GUE, GOE and GSE distributions.
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Edge and bulk limits

Two-free boundary geometric model

measures that interpolate between Johansson’s corner growth
measure and uniform measure on partitions (q → 0):

M̃↗↘(µ, λ, ν) ∝ u|µ|v |ν| · q|λ/µ|+|λ/ν|f̃ n, λ/µf̃ n, λ/ν

M̃↗(µ, λ) ∝ u|µ| · q|λ/µ|f̃ n, λ/µ

f̃ λ/µ is the number of semi-standard Young tableux of shape λ/µ.

M̃↗↘ Johansson [2000] when u = v = 0.

M̃↗ Baik-Rains [2000] when u = 0.
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Edge and bulk limits

Theorem (Poissonized Plancherel)

η > 0 is fixed, M := ε
1−u2 →∞, u = v = exp(−ηM−1/3)→ 1(ε ∼ M2/3)

lim
M→∞

M↗↘
(λ1 − 2M

M1/3
≤ s +

1

2η
log

M1/3

2η

)
= F↗↘;η(s)

lim
M→∞

M↗
(λ1 − 2M

M1/3
≤ s +

1

η
log

M1/3

η

)
= F↗;η(s)

Theorem (Geometric)

η > 0 is fixed, n →∞, u = v = exp(−ηn−1/3)→ 1, q = 1− u2 → 0

lim
n→∞

M̃↗↘
(λ1 − χn

n1/3
≤ s +

1

2η
log

n1/3

2η

)
= F↗↘;η(s)

lim
n→∞

M̃↗
(λ1 − χn

n1/3
≤ s +

1

η
log

n1/3

η

)
= F↗;η(s)

where χ = 2q
∑

`≥0
u2`

1−u2`q
n→∞−−−→ 2.



Basic Notions Free boundary Schur process Correlation function (via Fock space formalism) Random growth diagram Edge and bulk limits

Edge and bulk limits

↗↘ case

lim
η→∞

F↗↘;η (s) = FGUE (s)

F↗↘;η

(
s − log 2

2η

)
= pf (J − Aη)L2(s,∞)

Aη1,1(x , y) =

∫ ∫
Γ

(
1

2
− ζ

2η
,

1

2
− ω

2η

)
sin π(ζ−ω)

4η

cos π(ζ+ω)4η

e
ζ3

3
−xζ+ω3

3
−yω dζω

4η

Aη1,2(x , y) =

∫ ∫
Γ

(
1

2
− ζ

2η
,

1

2
+
ω

2η

)
cos π(ζ+ω)4η

sin π(ζ−ω)
4η

e
ζ3

3
−xζ−ω

3

3
+yω dζω

4η

Aη2,2(x , y) =

∫ ∫
Γ

(
1

2
+

ζ

2η
,

1

2
+
ω

2η

)
sin π(ζ−ω)

4η

cos π(ζ+ω)4η

e−
ζ3

3
+xζ−ω

3

3
+yω dζω

4η

where Aη2,1(x , y) := −Aη1,2(y , x), Γ(u, v) = Γ(u)Γ(v) and

dζω = dζdω/(2πi)2
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Edge and bulk limits

Bulk limit

homogenous model:

as a Schur process

Prob(~λ, ~µ) ∝
N∏

k=1

a
|λ(k−1)|+|λ(k)|

2 (ba−1)|µ
(k)|

∝
N∏

k=1

sλ(k)/µ(k−1)(a1/2)b|µ
(k)|sλ(k)/µ(k)(a

1/2)

as the random growth diagram:

n(i , j) ∼

{
Geom(abi+j) (i , j) /∈ r.l.

Geom(a1/2b(i+j)/2) (i , j) ∈ r.l.
Prob(ν∞) ∝ bN|ν

∞|

Plancherel limit: a1/2 = Lr , b = e−r , r → 0
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Edge and bulk limits

Theorem

Conditions: L = γ
1−e−2r , rk, rk ′ → κ, 0 < t

r → τ < 1 and

0 < t′

r → τ ′ < 1, where γ, κ, k − k ′, τ and τ ′ are constant.

lim
r→0

K1,2(t, k; t ′, k ′) =
1

2π

∫ π

−π
cos((k ′ − k)φ)

e(τ
′−τ)(κ−γ cosφ)

1 + tan2 φ
2 e

2κ−2γ cosφ
dφ

when τ ≤ τ ′.

lim
r→0

K1,1(t, k; t ′, k ′) =
1

2π

∫ π

−π
sin((k ′−k)φ) cot

φ

2

e(−τ
′−τ)(κ−γ cosφ)

1 + tan2 φ
2 e

2κ−2γ cosφ
dφ

lim
r→0

K2,2(t, k ; t ′, k ′) =
1

2π

∫ π

−π
sin((k ′−k)φ) tan

φ

2

e(τ
′+τ)(κ−γ cosφ)

1 + tan2 φ
2 e

2κ−2γ cosφ
dφ

γ = 0: uniform measure with K = 1
1+e2κ

[Okounkov 1999]

γ →∞ and κ proportional to γ: poissonized Plancherel measure
[Borodin,Okonukov, Olshanski 1999] - discrete sine kernel
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Edge and bulk limits

References:
Betea, Bouttier, Nejjar, Vuletić, The free boundary Schur process
and applications I, Annales Henri Poincare (2018), arXiv:
1704.05809

Betea, Bouttier, Nejjar, Vuletić: New edge asymptotics of skew
Young diagrams via free boundaries, to appear in Seminaire
Lotharingen de Combinatoire (proc. of FPSAC 2019), arXiv:
1902.08750

Betea, Bouttier, Nejjar, Vuletić: not yet published work

Thank you.
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